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Current propagators and spectral sum rules for large and small
momentum

B R Wienke

Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico
87544, USA

MS received 3 October 1972, in revised form 27 November 1972

Abstract. Expanding the current propagators in the small and large momentum limit, in
both the free field and spectral representations, is shown to lead to Weinberg’s first sum
rule for SU(3), or U(3), and either the Oakes-Sakurai or Das—Mathur—-Okubo sum rules
for cases of current or mass mixing, respectively. Resulting mass and coupling constant sum
rules are listed for various choices of symmetry breaking and predictions of mixing angle
and isovector masses for spin 1 and spin 0 mesons given. The method also allows systematic
introduction of higher order symmetry breaking through the moment spectral integrals.

1. Introduction

Postulating nonets of vector and axial vector currents, V4(x) and A%(x), with the local
commutation relationships (¢ Lorentz indices, 4, b unitary indices),

[Vax), VE(]o(x°® = y°) = iaché‘(y)5(x—y)+i5ab55“5(x—y)

Vo), Ap(110(x° = ¥°) = ifopcALYII(x — y) 1)
[A2(x), VE(IO(x° = %) = = if o AL»I(x — )

[4a(x), 451X = °) = o VED)O(x — ) + 16 08*5(x — )

with s and v symmetric ¢ numbers and f,. the structure constants of SU(3) (or U(3)),
insures that the twice integrated commutators satisfy the charge algebra originally
postulated by Gell-Mann (1962, 1964). Furthermore, in the limit of conserved vector
and axial vector currents, Weinberg (1967) showed s = v, which, using the now familiar
spectral representation for the current propagators

j d*x e 10| TJA(x), J}(0)|0)

p,v_m 2quqv 1
=_-d2(1)2g ~uvfd2(0)2

IJ‘ m pab(m ) qz_mz +lq q m pab(m )qz_

+ Schwinger termns, (1.2)

with J#(x) designating V*(x) or A%(x) and p‘(m?), p®(m?) the spin 1 and spin 0 spectral
functions, leads to the chiral sum rule

)
but = [ am (”“” ") 4 8 2 ) [ am ( Pes ) | 0 2)) “ o (13)
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650 B R Wienke

where 17,07, 17, and 0" designate axial vector, pseudoscalar, vector and scalar meson
unitary indices respectively. It is convenient to define the spin 1 and spin 0 current
propagators independently in the spectral representation, dropping the signature +.
since equations are applicable to both states,

u\'__m—Z yTgme
sla) = [ amont L

(1.4)

Schnitzer and Weinberg (1968) showed, using meson dominance in the broad sense
(the momentum dependence of an n point function of currents arises from its meson
poles almost entirely) and smoothness, that the inverse current propagators must be
at most quadratic in four-momentum, suppressing also for the moment the unitary
indices

AT ~ (a+ BgP)g + 944", (1.5)
with «, B, v functions of the unitary indices. Obviously, this gives
(2 +Bg*)A*(q) ~ g** —y{a+(B+)q*} " 'q"q". (16)

From the first of equations (1.4), we obtain a constraint

v N ptm?)
quAM (Q) = —q fdmz m2 (17)

requiring g,A"*(g) proportional to ¢* so that, in equation (1.6),
2,A%(q) ~ {e+(B+0)g*} g (1.8)

and therefore § = —7y. One can, therefore, associate A*¥(g) with free-field propagators
of masses /8 and coupling constants 7! and cast the spin 1 and spin 0 propagators
in the form,

L

Ag) = 2+ Bg

(1.9)
1

T etog

Alg)

with e and w playing roles similar to « and . Meson dominance, in addition to prescrib-
ing a type of free-field behaviour for the propagators, implies single particle saturation
of the spectral functions which, in the absence of mixing of unitary states, implies,

pLp(m?) = d(m* —m7)g20,,

(1.10)
Pm?) = &(m* —mZ) f 23,4,

where g, and f, define the usual vacuum to single particle current matrix elements for
the various meson states. To obtain further results in this scheme, it is necessary to
make additional assumptions about the symmetry of the current propagators. In the
following section we examine the large and small momentum expansions of the propa-
gators and make the ansatz of current mixing and mass mixing for the spin 1 and spin 0
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propagators and admit mixing of the octet and singlet states. The appendix gives a
short discussion of mass and current mixing and types of symmetry breakings of interest.

2. Sum rules and symmetry breaking

The particular choices for symmetry breaking are made in the parameters o, §, e and w.
The choice of « or ¢ broken and § or w symmetric is called mass mixing, while the
opposite, o or € symmetric and f or w broken, is called current mixing (Coleman and
Schnitzer 1964, Kroll et al 1967). The particular choices of breaking are left unspecified
at this point, and the large and small g limits are first taken to obtain two types of sum
rules involving these parameters. Taking the small and large g® limits in equations
(1.9) and equations (1.4), and equating yields, again suppressing the unitary indices on
A*, A, o, B, €, w, p'V, and p'©,

lim A*(q) =~ g"(@ ' —Ba" 2>+ .. )+ ...
q2-0

(D2
= —g“”fdmzp nfz )(1+m_2q2+ A EE

lim A(g) ~ (7' —we™2¢%+...)

q?-0
(0)( 1992
= —fdmzp—”(:zn—)(l+m‘2q +...) 2.1)
and,
: uv q#q\’ -1,-2
lim A¥(q) ~ 5—(1—af~'q"*+.. )+...
g2~ q-a

YTy (1)(34,2
= —%Z—fdmzp—rrfirr—l—)(l+m2q'z+...)+...

H 1 -1,-2
Jim A = So(1—w™ig 2+

1
=7 f dm?pO(m?)(1 +m?*q=2+..)). (2.2)

Using the constraint implied by the chiral sum rule, equation (1.3), and equating
coefficients of powers of g2 gives for the g% — 0 case

(1)( 1402
fdmzp (rzn ) _ 1
m

m4

2.3)
fdmzp‘o’(mz) =v+o ! =s+a"!

(0) 11,2
fdmzp—”fzm—)= —e!

3
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and correspondingly for the ¢g*> — o case

(1) 2
fdmzp (T U
m

| amoiony = p
(2.4)
fdmzp‘o’(mz) =o l'=rv+a Tl =s+a7!

jdmzp‘o)(mz)mz = —ew™ %,

The first set of sum rules for the spin 1 mesons, corresponding to g* — 0 are called
the Oakes—Sakurai (OS) sum rules (Oakes and Sakurai 1967), while the second set,
for g* — oo are the Das-Mathur-Okubo (DMO) sum rules (Das et al 1967). The OS
set will lead to (mass)” 2 sum rules and the DMO set to (mass)? sum rules for spin 1 and
spin 0 mesons. Consistent with the requirement of current mixing for spin 1 mesons
and mass mixing for spin 0 mesons, we redefine the various constants appearing on
the right hand sides of equations (2.3) and (2.4) and explicitly exhibit the dependences
on the unitary indices. We write equations (2.3) and (2.4) in the final form, restoring
specific use of the unitary indices,

pz“(m
j dm*TR = = 15,

(1)
p
fd ’ = 1)

(2.5)
fdmzpff,)}’(mz) = 59,
pip(m?)
Jame P20,
and
J‘d Zpil}))(m ) S(Ué .
m a
| amopont) = up
(2.6)
[ ooty = 55,
fdm PP (mAm* = uly),
where —a™ ! =518, a2 = ), w+a ) = (s+a ) = ! =598, —« ' =1,

Bt =ul), ew ? = u and sV +5® = v = 5. The breaking is made in the terms ¢
and u and is predicted on a general isospin conserving mechanism of the form (i = 0, 1,
see appendix),

t® = ul) = Ad 4+ Bdgyy+ Cdye0pg + DI 1000 + E(0 4008 + 948950) (2.7)
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with dg,, the symmetrical structure constants. The choice D = C/8, E = —,/2C/5
represents 827 breaking (Chan et al 1969), while C = D = E = 0 gives octet breaking
(Oakes 1968, Wienke and Deshpande 1969). The choice C = E = 0 gives octet-singlet
splitting in U(3) (Schwinger 1964) and C = 0 represents octet splitting with mixing in U(3)
(Das et al 1967). Other models may be incorporated by judicious choice of the para-
meters A, B, C, D and E. Results for the models indicated are given in the next section.

The set of spin 1 sum rules has already been obtained using slightly different
techniques (Oakes and Sakurai 1967, Das et al 1967) from the algebraic expansion in g*
employed herein. In addition to providing a simple and consistent derivation of the
OS and DMO sum rules for both spin 1 and spin 0 mesons, this approach allows for
systematic introduction of higher order symmetry breaking through the various
moment (in m?) spectral integrals appearing as coefficients of higher orders of g2, This
is accomplished simply by making «, 8, € and w functions of g%, or related quantities,
consistent with other models which predict the behaviour of the propagators. Obviously,
the approach described above underscores a perturbative expansion of the symmetry
breaking.

3. Results

It will be convenient to first enumerate the coupling constants in the scheme of mixing
of 0 and 8 unitary meson components. The spectral functions for the spin 1 mesons
are written in U(3),

pi(m?) = pH(m?) = p(m?) = m3f526(m> —m3)

pidm?) = p{dm?) = pldm*) = p{m?) = mif 3 *8(m* —m})

pm*) = 3f 2{m0 sin? &,0(m? — mg)+ m$ cos? &yd(m? — m3)} (3.10)

p(m?) = 3f 5 2{m8 cos? &pd(m> — m3)+ m$ sin? Epd(m? —m3)} '
pm?) = > 157 mé sin £ cos &,d(m? —md)— m sin &y cos E,dm? —md)}

where the sets of indices {3, 4,8, 0} refer to the vector mesons {p, K*, ¢, w}, or the
corresponding axial vector mesons {4, K ,, E, D}. The set of mixing angles {{y, &z}
designate {0y, 05} for the vector mesons and {y, 5} for the axial vector mesons.
The subscripts Y and B also reference the hypercharge and baryon indices, 8 and 0.
Similarly, for the spin 0 mesons,

pm?) = pPY(m?) = p§Ym?) = f38(m* —m3)

22
pLUm?) = pm?) = oY 2>—p<°>(m2)=fia(m2—mi)

pi(m?) = 3hi{cos? yyd(m® —mg)+sin® yyd(m* —m3)}

pG8(m*) = $hi{sin’ yd(m* —mf)+cos? yd(m’ — m3)}

(0)

Pos(m2

2\/2}1 shy{sin x5 cos yy8(m> —m3)— cos yg sin yyd(m* —mf)} = piP(m?),
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where {3,4,8,0} designate the pseudoscalar mesons {r, K, #n,n’} and scalar mesons
{0, K, ¢ €} about which little is known. In what follows, the scalar mesons are omitted.
It is also advantageous to introduce the mixing angles £ = 8 or ¥, and x obtained from
the first and third of equations (2.5) or (2.6) for the nondiagonal, singlet—octet excitations,
pbg and pfd
tan & = in—otan &y = in——g-tan ¢a
s Mo (3.3)
X=Xy = X
The U(3) sum rules which result from equations (2.5} and (2.6) depend upon choices
of A, B, C, D and E as given in equation (2.7) and are summarized in tables 1, 2 and 3
which give coupling constant and (mass)* 2 sumrules. Intables 1 and 2 coupling constant
relationships are given for the quantities { f,, fx«, f5, fo, Oy, O} and { fu,, fx ., f&: fos ¥y
Yg}. The corresponding sum rules for the pseudoscalar coupling constants are the same
in both g¢? limits, and are the usual unbroken U(3) results,

f2=f%=3h = 3hi. (3.4)

Table 3 lists both (mass)? and (mass)”? sum rules resulting from elimination of the
coupling constants. As mentioned before, the g2 — 0 set of sum rules (equations (2.5))
lead to (mass)™ 2 sum rule and the g2 — o set (equations (2.6)), to (mass)* sum rules.
Table 4 gives the mixing angle and isovector masses obtained from consistent
solution of the sum rules of table 3. Where two sum rules are given in table 3, m,, mg
and m, are used to predict £ and m;. Where a single sum rule is given, m,, mg, my and

Table 1. Coupling constant sum rules for spin 1 mesons in the g> — 0 current propagator
limit in U(3)

Case Coupling constant sum rule Reference

C=0 172425 =452 Oakes (1968) Wienke
D=0 4713 = 3§32 and Deshpande (1969)
E=0 172 —13% = 315 Y15 Y(cos &y sin Eg—sin &y cos Ep)

D=4iC 33244172 = 12052 — 3152 Chan et al (1969)
E= -%{/2C 12152 —6i72— 3172 = L35 '; Ycos &y sin &z —sin &y cos &p)

C=0 I PR T Schwinger (1964)
E=0 2723y % = 35 Y5 Ycos &y sin &g —sin &y cos Ep)

C=0 472172 = 32 Das et al (1967)
c=0 R

D=0 272 =37+ 352

E=0 3242077 =315

D=0 172 —3Hz? = §i5 'y Y(cos &y sin €5 — sin &y cos &p)

D=0 724207 =313°

E=0 I32~13% = §l5 Uy ‘(cos &y sin E5—sin &y cos &p)

l ={fpsfl("f¢~fw} or {fA.!fKA’fE’fD}
= {m,,mg.,my,m,} or {m, ,mg, mgmp}
=6 or ¥y
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Table 2. Coupling constant sum rules for spin 1 mesons in the g> = co current propagator
limit in U(3)

m o ol UO

o [ oo oo

Coupling constant sum rules Reference

mif324+2mil; 2 = Hm sin?Ep+md cos2ép)lz 2 Oakes (1968)

Am3ly 2 —m3ly 2 = Ym} cos?Ey+mg sin?éy)ly 2 Wienke and

mil32~mil;? = §(m} cos &y sin Eg—mg sin &y cos Eg)lg Mg ! Deshpande
(1969)

3mily 2 +4mil; 2 = 12(mgsin?ég+ o 2 cos2Ep)lp 2 —Hmg cos &y +mfsin2éy)ly; 2 Chanetal
12(m3 sin? &g +mg cos? &l =2 — 6mils 2 — 3(m} cos2§y+mo sin?&y)ly 2 (1969)
= L13(m3 cos &y sin £z —m$ sin &y cos Eg)lp Uy !

Amil; 1 —m3l3 2 = Ymg cos Ey+mé sin2éy)iy 2 Schwinger
2mil; 2 —HmEcos? Ey+ misin2Ey )y 2 = YmicosEysinly—mesinéycoséply 1yt (1964)
dmil; 2 —mil3 % = Ymd cos?&y+ mdsin?E )y 2 Das et al

(1967)
AmilTr —mily? = 3Ym} coszéy+m0 smzé iy ?

2mii; % = $(mi smzéB+ mé cos?Ep)lz 2 + Hm§ cosEy + m§ sin2E )iy

mils 24+ 2mils 2 = Ymd sin?Ep+ md cos?Ep)l; 2
m4ly 2 —3(md sin2¢ 5+ m§ cos?Ey) = F(mg cos &y sin Ey—md sin &y cos Eg)lp 1y

m332+2mils 2 = Ym sin®Eg+ m cos? £p)lg 2

mi32—mil;? = Ymi cos &y sin Eg—m sin &y cos Ep)lp Uy

{ } {fp’fx'sf¢ fm} or {fAlstAavafD}
{m} = {m,,mgs,my,m,} or {m, ,mg,,mg, mp}
E=6 or

Table 3. Mass sum rules for spin 1 and spin 0 mesons in the g> - 0 and ¢*> - o current
propagator limit in U(3)

[ |

m o ol A 0O mo
© © o0 oo © oo

Mass sum rule Reference

mi? = mi? Oakes (1968)
2mi? = mfr+mi? Wienke and

tan 2¢ = 2,/2 Deshpande (1969)

3Imii+4mi? = 8(mi?sin*¢ +m3? coszé) (mf?cos?t+mE?sin2¢)  Chan et al (1969)
8(ms? sin’{+m*z cos2E)—6mi 2 —2(mE 2 cos?E +mE ? sin?¢)
= 3J/2(mE*—m$?)sin 2¢

AmI2—mi? = 3(m§? cos’§+mo sin®¢) Schwinger (1964)
2mF2—2AmE? cos? +mg 2 sin? &) = $/2md? —mi?) sin 2¢
4mE?—mE? = Y(mi? cos?E +mi? sin¢) Das et al (1967)

dmi2 —~m$? = 3(mi2 cos? E+mE?sin? &)
2mE? = mi*+mi?

m§2+2m*2 = 3(m‘t2 sir12§+m§2 cos? ¢)
mE2—(mg?sin® E+mi? cos?) = §/2AmE?* —mF?)sin 2¢

mE24+2mf? = 3(mE2sin? E+mE? cos?é)

mi2—mi? = 3/2mE*—mg?) sin 2¢

{m} = {m,, mgs,my.m,} or {my,mg .mg,mp} or {m.,mg,m,m,.}
E=8or ¢ ory
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mjy are used to determine {. The case C = D = E results in an independent determina-
tion of the mixing angle such that

tan 2¢ = 2,/2 (3.5)
and
m3 = mo. (3.6)

From table 4 it is obvious that the U(3) breakings examined adequately describe
the vector mesons, but are inadequate for the axial vector and pseudoscalar mesons.
Dropping the requirement of consistency of the sets of sum rules would allow determina-
tion of the mixing angle (or my, m,, mg, mgy, given ¢) from one or another equations.
The question of which equation, can be dictated by consideration of SU(3) symmetry
for the lowest order spectral moment integrals.

If in equations (2.5) and (2.6) we split off the unitary singlet contributions to the
spectral integrals by writing

s8,, = s, + 518,004

S(O)éab had S(O)éab + S(O),éaoébo s

(3.7

we suppress the contributions of the spectral functions p{} and p{% in the calculation
and obtain sum rules in SU(3). The effect of s is to scale the singlet contribution
differently from the octet contributing pieces. In equation (3.4), the term 3h2 does not
appear and the effects on the sum rules given in tables 1, 2 and 3 are easily explained
rather than retabulated. In table 1, where two or more sum rules appear for particular
choice of C, D or E, the prescription is to eliminate I; > from the equations, reducing
the number of sum rules by one. If this is not possible, the sum rule with /5 ? is sup-
pressed. In table 2, the identical procedure is applied to the combination
(m$ sin? &5+ m§ cos? &)l 2 and in table 3 to the combination (mZ 2 sin? & +mg 2 cos? §).
In addition in table 3 the two conditions m$ 2 = mg?, tan 2¢ = 2,/2 no longer hold and
the bare combination (mjz 2+ mg?) is replaced by ${m; 2+ 3(mg? cos® ¢ +m3 * sin® &)}.
A number of the resulting sum rules are well known for SU(3) (Gell-Mann 1962, 1964,
Oakes and Sakurai 1967, Das et al 1967, Oakes 1968, Wienke and Dashpande 1969).
In table 5, predictions of isovector masses and mixing angles, following solution
of the SU(3) mass sum rules as modified above for table 3, are given. The procedures
yielding table 4 are again followed in compiling table 5. It is simple to see in table 5
that the cases reported result from a single sum rule which is uséd as a prediction of
the mixing angle except the particular case C = 0, E = 0 which is identical to the
corresponding case in table 4 for U(3) symmetry. The set of mixing angles, (399, Ns, 9-3)
for (mass)? and (28-8, 67-9, Ns) for (mass) ™2 sum rules, result from the well known Gell-
Mann-Okubo mass formula (Gell-Mann 1961, Okubo 1962) in its (mass)* 2 form

dmit—mi? = 3(mF? cos? E+mi?sin? &) (3.8)

which is traditionally used to define the SU(3) mixing angles in the (mass)? case for the
meson octets. The mixing angle and isovector mass predictions listed for the vector,
axial vector and pseudoscalar mesons in tables 4 and S are to be compared with their
experimental values:

m, = 765 MeV, 6 = 39.5°-22.4°
m4, = 1070 MeV, ¥ = unknown
m, = 140 MeV, x = 10-4°,
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given by the Particle Data Group (1971). Simultaneous prediction of the isovector
mass and mixing angle is precluded for the pseudoscalar and axial vector mesons, as
seen in tables 4 and 5, but not for the vector mesons. Since the experimental estimates
of m, and 6 vary within the range given in tables 4 and 5, the sum rules given seem
appropriate for the vector mesons. Further experimental refinement is necessary,
however, to distinguish between the different symmetry breaking schemes listed.

We have concentrated this analysis on the 07, 17, and 1~ octets and nonets of
mesons. Similar analysis for higher order J* candidates might prove interesting and
the hope is to report these findings later.
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Appendix

A brief discussion of symmetry breaking, mass and current mixing as applied in this
analysis is given for completeness.

The most general isospin conserving, symmetric, unitary symmetry breaking inter-
action can be written in the form

tsy = Abgp+ Bdgg,+ Cduglys + DS o040 + E(3400p8 + 480s0) (A1)

corresponding to a nonet of non-zero mass particles (4 # 0) split into four isospin
multiplets. To obtain ¢, for singlet@octetPtwenty-sevenplet breaking we take octet
matrix elements of an operator k, containing pieces that transform as a singlet, octet and
twenty-sevenplet and equate them to the right hand side of equation (A.1):

tay = alk'[b)+{alk®|b> + {alk?7|b) (A2)
and find after obtaining Clebsch—-Gordan coefficients

by =ty =133 = A+B/\/3 = —\/§<k1>+\/%<ks>+\/ﬁl‘6<k27>

faa = lss = tes = t17 = A—B/\/12 = — J§Ck'> = /Fo<k®> — J56<k?T)
= A=B/J34C = — JBk"> — J5CKSS + 2R (A3)
too = A+D = — J§k'D

Log = tgo = \/%B*'E = \/%<k8>

with ¢k'», (k®> and (k?7) the reduced matrix elements of the singlet, octet and twenty-
sevenplet transforming pieces. Obviously, for pure singlet@octet splitting, (k7> = 0

o~
@®
@

|

= —J&KkD
B = JKK®) (A4)
C=D=E=0
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and for singlet@octet@twenty-sevenplet breaking,
A= — kD =35k
B = (&K +5/13e<k*7)

C = bk (AS5)
D= 4C
E = -1Jj2C

The absolute values of (k'>, (k®>, (k*7>, (or A, B, C, D, E) are unimportant since those
constants are eliminated in obtaining the sum rules.

The choice C = E = Ogives the above octet breaking, without mixing, while splitting
off the singlet piece in the nonet U(3) scheme (Schwinger 1964), while C = 0 allows
for mixing (Das et al 1967). Other choices for the parameters as listed in tables 1-4
are given for completeness and do not correspond to any generally employed symmetry
breaking mechanisms.

The respective terms mass mixing and current mixing (Coleman and Schnitzer
1964, Kroll et al 1967) refer to the symmetry properties of the mass and kinetic terms
in some assumed lagrangian describing the spin 0 and spin 1 meson and their couplings.
If the kinetic terms transform as some representation of assumed symmetry group for
the lagrangian, we speak of current (or vector) mixing. If the mass terms, instead,
transform as some representation, we refer to this as mass (or particle) mixing. Mass
mixing is a simple and reasonable starting point for the spin 0 mesons that can also be
described within the framework of a Schrodinger equation acting on the space of one-
particle states. Within the framework of the pole approximations, mass mixing has
been a suitable approximation for describing a large class of interactions of spinless
mesons. However, for vector particle interactions mass mixing is inconsistent. Among
a number of other important considerations, mass mixing for the vector mesons destroys
the U(3) commutation relationships of equations {1.1) and the symmetry of the c number
Schwinger terms assumed for this analysis. Furthermore, current mixing has been
shown (Oakes and Sakurai 1967) to be the only theory of w—¢ mixing compatible
with the sum rules of Weinberg (equation (1.3)).
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